Dirichlet and Neumann heat invariants for Euclidean balls  by Levitin, Michael
Differential Geometry and its Applications 8 (1998) 35-46 
North-Holland 
Dirichlet and Neumann heat invariants for 
Euclidean balls * 
Michael Levitin’ 
Ikpcrrtnwnt of Mathumc~tics, Heriot-Wutt lJniver.sit?: Riccarton. Edinburgh EH 14 4AS. United Kingdom 
Communicated by P.B. Gilkey 
Received 18 August 1995 
Revised 26 September 1995 
Ahstruct: Using the theory of heat invariants we present an efficient and economical method of obtaining 
the higher coefficients of the asymptotic expansion of the trace of the heat semigroup for the Dirichlet and 
(generalized) Neumann Laplacians acting on an m-dimensional ball. The results are presented in the form ol 
explicit formulae for the first IO coefficients as functions of m. 
K~~~~~ords: Laplacian. heat equation, partition function, asymptotics, spectral invariants. 
MS c./u.ssific~atiorz: SXGI I, 35KO5, 35P20. 
0. Introduction 
Let M be a compact m-dimensional Riemannian manifold with smooth boundary aM. For 
t > 0, let Z(t) denote the trace of the heat semigroup era generated by the Dirichlet or 
(generalized) Neumann Laplacian A acting on M. It is well known (see [6,7] and references 
therein) that in both cases Z(t) has an asymptotic expansion 
Z(t) - (4nt)-‘w’2 2 tn%,&14) ast-+O. (0.1 ) 
where the summation is over all non-negative integers IZ = 0, 1. 2, . , and the coefficients 
(I,, depend on the geometric characteristics of M and on the type of the boundary conditions. 
However, the problem of finding the coefficients a,(M) is non-trivial. A classical result is that 
au(M) = IMl,n 7 al(M) = F$m7-, * 
where the minus sign is taken for the Dirichlet problem and the plus sign for the Neumann 
problem, and 1 . jrn stands for the m-dimensional Riemannian volume. Further on, the coefticient 
(12 was computed by McKean and Singer [l 11, and ~3, CZ~ by Branson and Gilkey [4]. Recentl:y, 
the coefficient 05 was computed in [5] in the case when the boundary is totally geodesic. 
The situation is slightly simpler when M is an open bounded set in Iw” with smooth boundary. 
however only the coefficients up to a5 are known in this case as well, except for the special case 
tn = 2, where more than 30 coefficients have been found, see (21. 
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The purpose of this paper is to compute the coefficients of (0.1) for an m-dimensional unit 
ball fi2, c IF. This particular problem has been studied quite extensively during the last twenty 
years, mainly in connection with the calculations for a general flat space. First few coefficients 
were computed for the Dirichlet boundary conditions in the 2-dimensional case in [ 121 using the 
direct computation of the Laplace transform of the heat kernel in &. The method was extended 
to higher dimensions in [ 131, however a mistake in this paper was corrected only several years 
later by Kennedy [8,9], who gave the correct values of aa, . . , u5 in dimensions m = 2, . . . ,6. 
A greater number of coefficients in dimension m = 2 was obtained by the same method in [2]. 
The technique used in [8, 9, 21, being fairly straightforward, nevertheless has two serious 
drawbacks. Firstly, the coefficients have to be computed for each dimension separately, so 
knowing, say, thirty coefficients in dimensions from two to five does not give information about, 
e.g., the sixth coefficient in dimension six (that is beyond the general formulae of Branson and 
Gilkey). Secondly, the computational difficulties, as will be seen below, grow rapidly with the 
dimension and the number of a coefficient. So, it would be useful to construct an algorithmic 
procedure in order to make use of the computer algebra software which is widespread now and 
was unavailable at the time of Kennedy’s work. Despite common belief that procedures in the 
two-dimensional case can be easily generalized to higher dimensions, such a generalization 
causes real difficulties. The main reason is that at some stage one has to compute indefinite 
integrals of various special functions which occur in the problem and depend in a non-trivial 
way on m. Thus, the known procedure is not algorithmic from the practical point of view. 
In this paper we overcome these difficulties and modify the method of Kennedy to obtain an- 
alytic expressions (as functions of the dimension) for the first ten coefficients of the expansions 
of the trace of the Dirichlet and Neumann heat semigroups. We also present the algoritmized 
procedure for computing the lower order coefficients, suitable for the use of Maple or Mathe- 
matica software. The number of coefficients which may be actually found is restricted only by 
the time of computation required. We use Gilkey’s theory of heat invariants to switch from the 
results in particular dimensions to the general formulae. 
In parallel with our analysis, Bordag, Kirsten and Elizalde [3] developed a different technique 
for calculating higher order heat-kernel coefficients. Their results (first ten coefficients for the 
Dirichlet and Neumann boundary conditions for m = 3, 4 and 5) are in full agreement with 
ours. I am grateful to K. Kirsten for informing me about their study and valuable discussions. 
Also, I am grateful to I? Gilkey and M. van den Berg for stimulating comments and suggestions. 
1. Notation and results 
Let Q2, be the open unit ball in IR” (m 3 3) bounded by the unit sphere S,_i = {x E 
R” : 1x1 = 1). Let -Am,oir be the (positive) Dirichlet Laplacian on fi2, and let -Am,~eu be the 
(generalized) Neumann Laplacian on S&, . In the latter case by the Neumann boundary condition 
we understand the condition 
where y is a real constant, and a/&z denotes the derivative with respect to the exterior unit 
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normal to S,,_ 1. We denote by 
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Z m.Dir(r) := TrerAtn mr = s pDir(x. X, r) dx ~ m 
and 
Z m.+u(t) := Tr ,tAPn,NCU = 
s 
PNeu(X, X, f) dx ~ 
nl 
the partition functions (traces of the heat semigroups) generated by the Dirichlet and Neumann 
Laplacians, respectively. Here Poir(x, y, t) and p~~“(x, y. t) are the fundamental solutions of 
the Dirichlet and Neumann problems, respectively. 
We write the asymptotic expansions for the partition functions in the form 
(1.1) 
(1.2:1 
where 
0 for even k , 
{k/21 = 
l/2 for odd k . 
Our main aim is to find closed form expressions for the coefficients a0ir.k (m) and @Jeu.k (m). 
k = 1.2,... . The generic form of these expressions (as functions of m) is the direct consequence 
of Gilkey’s theory of heat invariants [4, Lemma 2.21. 
Proposition 1.1. (a) For the Dirichler boundary condition, 
k-l 
UDir.k(m) = c bk.1 . (m - 1)’ fork= 1.3,... , 
;=o 
\,vhet-e the coeficienrs bk,j are independent of tn. 
(b) For rhe generalized Neumann boundary condition, 
h-l 
aNeu.k(m) = c ck,j ’ (m - 1)’ fork= 1,2,... , 
j=O 
kchere rhe coqjticients ck,j depend on y polynomially but are independent of m. 
Indeed, the formulae for the coefficients immediately follow from Gilkey’s theory and the 
fact that only the coefficients of the second fundamental form Lab...<, = Ijat,,.C are non-trivial 
components of the space of invariants. 
We collect the results of our computations in the following two theorems. 
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Theorem 1.2. (a) For the Dirichlet boundary condition, 
b,.. = -l/4; 
bz I = l/3; 
38 
b6.1 = 
2145’ 
1055 1. 
3085 
b7.1 = ~ 
774144 ’ 
* 121787 
06.2 = -81081 3 1)7’2 = - 46448640 ’ 
ko = 0 
5 8 
63.1 = -3 
192 
b4.l’ -3 
189 
7 11 
b3.2 = -- ; 
384 
b4,2 = -- 
h.3 = 
315 ’ 
1 
189; 
.fur k 3 2 ; 
109 
b5.1 = - 
15360 ’ 
1049 
bS,2 = -~ 
184320 ’ 
b5,3 = 
47 
61440‘ 
bs.4 = 
13 
147456; 
50 1931 
be.3 = 
81081’ 
b.3 = - 
10321920 ’ 
331 2957 
&,4 = 
405405’ 
b.4 = 
9289728 ’ 
b8.i 
6323992 
= 509233725 ’ 
b8.2 
47565 16 
= - 654729075 ’ 
b 
29 17084 
8’3 = - 1964187225 ’ 
b8.4 
21689 
= 16787925 ’ 
I_ 306613 8 
b6.5 = 
-81081; 
b 
5461 
7s = - = - 123863040 ’ u8s 1964187225 ’ 
bu 
95 
h,6 
67 
= ’ = - 148635648 10072755 ’ 
b8.7 
61 
= 49997493 ; 
&,I 
1515361 
= 
45416~80 ’ 
b9.z 
2577676 1 
= - 14863564800 ’ 
b9,3 
116949347 
= - 196199055360 ’ 
615583117 
bw = 
1569592442880 ’ 
374963 
b9.5 = - 11211374592 ’ 
15633737 
b9.6 = - 22422749 18400 ’ 
b9.7 
93827 
= 89690996736 ’ 
138295 
b9.8 = - 5022695817216 ’ 
b1o.i 
207993328 
= 17249135085 ’ 
5296824476 
b 
‘OT2 = -948702429675 ’ 
3305842192 
blo.3 = - 1219760266725 ’ 
66828~7 
b 
tot4 = 45176306175 ’ 
24235532 
b 
‘O,’ = -406586755575 ’ 
b 
239906 
10+6 = -5019589575 ’ 
17926256 
blo.7 = 2846107289025 ’ 
3985 
blo,s = - ’ 37948097 187 
2428 
b ‘OS9 = -243952053345 . 
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(b) For the generalized Neumann boundary conditions, 
Y2 
Qo = 1 * 
-l Y 
c-i,{ = - + - 
192 4 
13 
cc! = 384 : 
1 139 59Y 
a.3 = -+- 
61440 1536. 
204 1 
c5.3 = 737280 : 
8~~ 
Cb.0 = 15 * 
3238 , My4 
-+ - + ~ +68y’ - 
16Y 116y2 
“” = 225225 315 945 315 ‘rs’ 
5717 2y 8y2 244 y3 
c&Z = 405405 45 315 +z+ +-----* 
2974 4 244 y2 y 
ce.3 = 4054*5 + 105 + 945 ’ 
787 38 Y 
L’6.J = -+- ’ 405405 945 
4828 
L’hZJ = 2027025 ’ 
Yb 
(‘7.0 = jmj 5 
13219 
-i- -- +67y’ +35y” +64 3y’+5y5 24‘ 
79Y 
““’ = 3870720 7680 3840 1152 
72127 1123 y 769y2 23y3 77 y3 
““’ = 23224320 
+-_-.-.---- 
+ + + ’ 92160 23040 384 384 
22187 
“‘J = 20643840 + 
523 y 
-+ 
361 y2 439 y3 
61440 -------+- 15360 4608 ’ 
179437 1217 y 439 y? 
i’7’1 = + -- + 371589120 368640 18432 ’ 
442 1 739 y 
c7.5 = + ’ 35389440 245760 
3216i 
“7’h = 2 12336640 ;
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16y7 
C&O = 105 3 
811864 9796 y 27728 y* 2264 y3 160 y4 104 y5 16y6 
cg” = 72747675 +--- 348075 + 675675 + 45045 + -+- 2079 945 +35; 
5877296 1074694 8768 y* 316 y3 y 2008 y4 
“‘* = + + 
_+- ~ __ 
654729075 34459425 135135 2457 + 10395 + 
104 y5 
189 ’ 
882082 4262 1636 y* 15712 y3 y 
c8’3 = + + -----+ 392837445 255255 27027 135135 + 
1192 y4 
’ 3465 
41869 3826 3992 y* 16372 y3 y 
c8’4 = + + + ’ 72747675 405405 135135 135135 
798101 5026 16372 y* y 
c8’5 = + + ’ 1964187225 1640925 675675 
57523 88576 y 
“A = + ’ 654729075 34459425
22072 1 
c*‘7 = . 1964187225 
2. Heat kernel expressions 
Let po(x, y, t) denote the heat kernel in the whole space It%“. Then, 
l PO@, y, t> = e-R2/W) 
(4nty'* ’ 
where 
R = Ix - y[ . 
The application of the Laplace transform &--fS~ = SOW .evszt dt gives 
Po(x, Y, s*> = L-&PO@, y, t> 
lx 
= 
s 
p*t 1 
(4n tp* 
,-R2/(W dt 
0 
= 
R1-m’2s-‘+m’2K,,,,2_,(R~) 
(2n)“‘* ’ 
where &,2-t ( . ) is a Bessel function. Using the summation formula [ 10, pp. 106-1071 we now 
get 
Po(x, y, s*> = 22’n -“‘*r(m/2 - I)(?-< . l-,)-(+1) 
00 
c 
(2.1) 
X (n + m/2 - 1)In+m/2-1(~~,)Kn+m/2-~(sr,)C~‘2-’(cos~) 1 
n=O 
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where 4~,12- I ( . ) is a Bessel function, Cr”-’ ( . ) is a Gegenbauer polynomial, 
r - min(lXl, lyl>, 
X.Y 
<- r, = max(lxl. lyl>, case = - 
r -c .r,. 
We seek J)oir(X. y. s2) in the form 
Poir(X. y. S2) = 2-‘Y”‘*r(P?I/2 - 1) (r, . r>)-(m/2-” 
x 
X CC 12 + ” - 1 2 > Zn+m/2-~(Sr,) II=0 (2.2) 
with undefined coefficients A,,. The boundary condition Poir(X, y. ~~)l~.,=r  0 immediately 
implies 
K 
A, = - 
n+m/2-I @I 
I n+m/2-I (.y) . 
(2.3) 
If the dimension m = 2, then one can compute the trace of heat kernel by integrating the 
inverse Laplace transform of Poir(X, x, s2) - j?jo(x, x. s2). However, this approach does not 
work in higher dimensions since the Laplace transform of the heat kernel has a singularity 
on the diagonal x = y. The method of dealing with this problem employed by Waechter and 
Kennedy does not lead to convenient computational procedure, and we modify it in the following 
manner. 
Set 
L,= ; 
[ 1 
( [ ] denotes the entire part), and define 
(- l)“pn lim a e,, 
X(X. s?) = ___ 2L”’ ( 1 Y-X sas 
(FDir(X3 y, S*) - p0CX.y. S')), 
and 
0 m.Dir(S2) = I‘ X(x. s2) dx. 
(2.4) 
(2.5) 
(2.6) 
Then, 
Z m,oir(t) = (4nt)-m’2 + t-ernC~~,~)m.oi*(S2) . (2.7) 
We shall obtain the asymptotics of Zm,oir(t) from (2.2)-(2.7). following in general the ideas of 
Kennedy. 
With the account of (2.1)-(2.3), (2.5) (2.6) and the formula 
c;y’*-‘( 1) = (m+:-3) 
42 
([IO, p. 2181), we get 
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%Dir(SZ) =
(-l)eT(m/2 - 1) 
2em+lnm/2 I&n-llem(~> (2.8) 
where we denote 
em(s) = &z + @z/2 - 1) 
n=O (m+nn-3) 
1 
Kz+m/2-lb) 
(2.9) 
L+m/2-I 0) s 
r (L+,p.-1 k-j)’ dr . 
0 
Next, we set 
v=n+m/2-1, 
and using the formulae 
I 
s r (Z,,(W))~ dr = -; 
0 
([ 10, p. 881) and 
Kv(s)z;(s) - LIZ,, = s-l , 
we get 
1 
&+???/2-1(S) - 
L92/2-1 (s) s 
r (&+m/2-I (N)2 dP. 
0 
1 
= z ( z:(s) SZ”(S) + zmK:w - (1 + ;) Z”(SK(SJ) . 
(2.10) 
We now replace the Bessel functions and their derivatives in the right-hand side of (2. IO) by 
their uniform (in s, u) asymptotic expansions [l] 
Z”(S) - (2n)-“2 
evq 
u1’2( I + z2)“4 
WV”) ,
z;(f) - (2x)-“2 
e”?( 1 + z2)“” 
V’?z 
jylj2) . 
K,(s) - (7T/2)“2 
e-v 
LJ1’2( 1 + z2)“4 
w;(3) ) 
K:(s) - -(n/2)‘/* 
e-“~tl + z2)v4 
lP2 
W!4) L f 
(2.11) 
(2.12) 
(2.13) 
(2.14) 
Heat invariants,fiw Euclidean halls 
where 
x 
w”’ = 1 + kUk(r) 
I’ c 
h=I 
C-1) ---p 
w,? = 1+2(-l) k uk(r) 
k=l 
7. 
1 V 
5= 
(1 + ,“)‘/’ = (V’ + s2)1/2 ’ 
and the polynomials Uk(t), uk(r) are defined by recursive relations [l] 
U”(t) z 1 . ug(r) = 0. 
1 1 
Uk+t(t) = -2r*(l - r’)u;(r) + -$ (1 - 5&&)do, 
0 
Using (2.16H2.19) we construct the expansion 
(2.16) 
(2.17) 
(2.18) 
(2.19) 
(2.2o:l 
(2.21) 
(2.22) 
where %gk(r) are polynomials. The expressions for several first polynomials are given in 121 
and [S]. For our purposes it is important to note that 230 = 0 and 
ord’Bi = 3k. 
Moreover, %gk(t) contains only terms with odd powers of t for odd k and even powers of r for 
even k. 
Substituting (2.9), (2.10)-(2.22) into (2.8), and introducing for the sake of brevity the notation 
Pm(v) = v ( v+mj2-2 > v-m/2+1 ’ 
f(v: s2) = lv2 + s2)“2 
V 
(2.23) 
(2.24) 
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63 (2.25) 
where the sum is taken over integer u if m is even and over half-integer u if m is odd. 
Formulae (2.5)-(2.7) and (2.25) form the basis for the computation of the coefficients of the 
Dirichlet partition function for a given m. 
Proceeding in the similar way for the Neumann boundary condition, we put 
.&JQu(t) = (4nt)-“‘2 + t-e’n&t+~&J$&2), (2.34) 
where 
0 e’n (PNeu@, y, s2> - PO@ y s2>) 3 3 dx. 
Then, after separation of variables and manipulations with the Bessel functions, we arrive at the 
Neumann analogue of (2.25): 
0 (-l)e-wd2 - 1) m , Neu(S2) = 2c+.pl2 I&n-l I 2 Pm(v> gmcu; 321. 
v=m/2- 1 
( &Jn 
Here we denote 
(u2 +us*),,2) u-k ) 
where the polynomials ek are being determined similarly to (2.22) as the coefficients of the 
expansion 
. (wv’2) + w,(l)) . (wv(2) - WJ”‘) = 2 e 
k=O k (CL.2 +l2P’) u-k 3 
and where in addition to (2.16)-(2.19) we define 
ca TUk-l(t) wi5) = (3 - 1+ y>. c yk ) 
k=l 
W,(@ = (5 - 1 + + ~(-I)k'Yk;;(r) . 
k=l 
Note that the polynomials ek (and hence the functions gm) depend on m, contrary to the poly- 
nomials %k and the function S in the Dirichlet case. 
3. Computation of the coefficients of the asymptotic expansions 
In this section we describe the procedure for the computation of the coefficients of the 
asymptotic expansion of the partition function in the Dirichlet problem which is due to Kennedy 
[7, 81; the procedure in the case of Neumann boundary condition is exactly the same, so we 
omit it for the sake of brevity. By technical reasons which we shall explain later on we have 
to distinguish between even and odd dimensions m. The procedure for even m is much faster: 
moreover, it is sufficient to know asymptotics only for odd dimensions in order to obtain uniform 
expressions for the coefficients. 
Aft the necessary information for the comp~ltati~)ns is contained in formulae (2.7~ (2.23 )- 
(2.25). We proceed with evaluating the sum in the right-hand side of (2.25). We have 
(3.1) 
for any N > 0. 
The first equality in (3.1) is due to the fact that 
P,,,(O) = p,,,( 1) = * . . = P,,(m/2 - 2) = 0 
(bee t2.23)). The second equality is the Cauchy residue theorem applied to the contour I- which 
goes from +CQ + i0 to 0 + i0, bypasses the origin in the left complex half-plane, and then 
returns to infinity along (0 - i0, +cc - i0). The third equality follows from the expansions of 
cot n v on the upper and lower parts of the contour r, and the forth one is due to the result of’ 
Kennedy 18, p. 11 S]. 
Substituting (2.24) into (3.1) and exchanging the order of summation and integration we get 
Now. we note two trivial facts. Firstly, each integrand in the right-hand side of (3.2) is a lineal 
combination of terms of the type 
where ~1, q E Z. These terms allow easy integration; moreover, the form of these terms implies 
that the contribution of cosine terms in (3.2) is exponentially small as s -+ +oc. Secondly. it 
is easy to check, using recurrence relations for the polynomials ?3k, that the kth term in (3.2) 
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will contribute only to the coefficients anir,n (m) of (1.1) with IZ 2 k. Now, the procedure for 
the computation of the coefficients of (1. I) is straightforward-we use formulae (2.7), (2.25) 
and (3.2) (replacing the infinite sum by the sum for k from 0 to K in order to get the first K 
coefficients of ( 1.1)). 
Note that in case of an odd m one can also replace the sum in the right-hand side of (2.25) 
by the contour integral using tan 7t u instead of cot n u. However the main drawback in this case 
is that the double sum cannot be reduced to a single sum, and the computational procedure is 
extremely messy. Therefore, our recipe is to use Proposition 1.1 and act in the following manner. 
Suppose we want to find general expressions for the coefficients anir.k(m) as functions of 
m, withk = l,.... K. We then follow the procedure of this section to find the coefficients 
anir.k (m) for m = 4,6, 8, . . . , 2K + 2, and after that we solve K systems of linear equations 
k-l 
c kj(m - 1)’ =I Rxr.k(m), k=1,2 ,..., K, m = 4,6, , . . ,2k -I- 2, 
j=O 
to obtain coefficients bk.j. 
In particular, the realization of this algorithm with K = 10 yields Theorem 1.2(a). A similar 
algorithm in Neumann case gives Theorem 1.2(b); here we restricted ourselves to the first eight 
coefficients. 
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